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Limiting-laws of polyelectrolyte solutions. Ionic
distribution in mixed-valency counterions systems.
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Abstract

An extension of the counterion-condensation (CC) theory of linear polyelectrolytes has been developed for the
case of a system containing a mixture of counterions of different valency, / and j. The main assumption in the
derivation of the model is that the relative amount of the condensed counterions of the type i and j is strongly
correlated and it is determined by the overall physical bounds of the system. The results predicted by the model
are consistent, in the limiting cases of single species component, with those of the original CC theory. The most
striking results are obtained for the cases of low charge density and excess of counterion species: in particular,
an apparent positive “binding” cooperativity of divalent ions is revealed for small, increasing additions of M2*
ions to a solution containing a swamping amount of monovalent salt and a polyelectrolyte of low charge density.
Apparent “competitive binding” of mono- and divalent ions derives as a bare consequence of the electrostatic
interactions. Theoretical calculations of experimentally accessible quantities, namely single-(counter) ion activity
coefficients, confirm the surprising predictions at low charge density, which qualitatively agree with the
measured quantities.
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1. Introduction

Within the framework of the counterion-con-
densation (CC) theory of linear polyelectrolytes,
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the problem of the description of the system in the
case of mixtures of counterions of different va-
lency was already tackled. Both approximate [1]
and more exact [2-5] expressions have been re-
ported, and comparison with experimental results
was performed [6-9]. Still, it does not appear
useless to reconsider the problem and look for
new formalisms, especially if aiming at avoiding
limited experimental conditions (e.g. excess of one
of the counterion species, high ionic strength, etc.).
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The scope of this 1
and to discuss its main features and implications;
we defer a detailed comparison with experimental
data to a forthcoming paper.

The procedure which will be followed hereafter
1s to write suitable expressions for the different
terms contributing to the (excess) free energy of a
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linear polyelectrolyte of known charge density in
the presence of variable amounts of counterions of
different valency.

2. Theory
2.1 The model

The real polyelectrolyte chain is idealized by a
linear uniform array of charges (uniform charge
density), supposed to be of infinite length to ne-
glect end effects. The average distance between
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axis is b (in A): the ensuing dimensionless charge
density parameter £ is defined as § = {,/b where
lg is the Bjerrum length (in A).

For simplicity, two types of counterions, i and
J with valency z;, and z;, respectively, will be
considered, taking z,=1 with no loss of gener-
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lytes may be present: for simplicity, they will be
assumed to be the same for both types of added
simple salts.

The treatment of the so-cailled “chemical
model”, as firstly developed by G.S. Manning [10],
will be followed, much in the same way as recently
reported, e.g., for the derivation of the ApK,{«)
of linear weak polyacids [11]. Briefly, it amounts
to factorize the total reduced molar (rm) excess
free energy of polyelectrolytic nature, g'°”, into
two main contributions: (1) a purely electrostatic

term, g%, and (2) a rm-free energy of mixing of
mobile species, g™*
gion =gel +gmix (1)

The reference state is prowded by a solution (at
the same temperature, pressure and in the same
solvent) containing the same type and concentra-

tion of charges of all kinds including those fixed

=]

o
are assumed to be simple moblle ions instead
(“iso-ionic strength condition”). The expression

for g is the “classical” one given by the CC
theory:

_gqeff ln(l - CXP(_Kb)) (2)
where g4 is the net, “effective” charge on each
1omzed site on the polylectrolyte and K is the
reciprocal of the Debye length. In the case of no
condensation,
a..—=a (2)
“1eff M struct \J

pu1y’1uu in what follows Gtruct is assumed ‘uuu_y
In the presence of condensation in systems con-
taining counterions of only one valency, g.s is
given by: ‘

O . = (1 —rz) (4)
4 7
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where r is the (molar) fraction of condensed coun-
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the fraction rz; of fixed charge and whose numeri-
cal value stems from the condition of stability of
the system at infinite dilution (limiting law condi-

tion [12]:
=z '(1-1/z%) (5)

3. The new approach

The new derivation starts by assuming that in
the presence of counterions of mixed vaiency the
total fraction of condensed counterions, r, is given
by:
by:

r=r,-+rj=r(x,+xj) (6)
where:

[Me; ]ona o
N [M;]cona + [Mj]cond )
and
x;=1-x (8)
Equation (4) will take the form:
Gett = Qs (1~ 1,2, = 1,2;) &)
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Faor the commonly encountered case 7. =l g |
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q s“ (6) and (8)

=1 .
one has:
Geer=1— "(xl + 2(1 - xl))
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In general, the final form of g will then be:

2
gl = —(1-r(z,=x(z-2)))
XIn(1 — exp(— Kb)) (11)
For g™* the contributions of the different mobile
species to the change of the entropy of mixing will
be considered:

g mi _glond+gjond+gfree+gjfree
+ o . + o . (12)
Scowons Ssolv \ =7
The following relations will hold:
g = rx, In(rx,/(1 + R)V,C,) (13)
oond . pi1 _ v YInl #(1 — x;)/R v ) (14)
&j AL T A MR 7/ 2y pp) Ay
giee=(1+R,—rx,) ln((l +R,—rx,)
/((1+R)(1-7%G))) (15)
free _ { n I Wi f{(n e 2
g, =\R;—r(l—x))In{R;—r{l—x))
/(RJ 1- VpCp))) (16)
Zeoions = (R, +2;R,) In(1/(1 - V,C,)) (17)
gsolv=ri+rj=r (18)

where R; and R; stand for the molar ratios be-
tween the concentrations of the ith (e.g. uni-uni-
valent) and the jth (e.g. bi-univalent salt), respec-
tively, and that of the polymer, Cps ¥, is the
molar volume of the condensed phase, expressed

in liters per mole of fixed charge.

The system is therefore characterized by the
usual variables (temperature, pressure, dielectric
constant of the solvent, concentration of macro-
scopic solutes), the two independent variables r
and x;, and ¥, which is a physical parameter of
the system whose equilibrium value is not numeri-
cally known as yet. For the determination of r

and x; it was found convenient to resort to the -

free energy minimization procedure following the
original treatment of Manning [10]; according to

ocedure, the »- and the y-dp-

cuch established pr

rivatives of ¥V and of the dlelectnc constant will
be neglected, and the minimization conditions will
read:

8g"/8r=0 (19)
and
8gi /8x, =0 (20)

The fn"nwmg exnreee on deri

(18) by performing th of ewr;l_t_lb c;f ec_l_. (19):
26(1-r(z,—x,(z, - z,)))\zj—xi(z-—z,))
In(1 — exp(—Kb))
8=z (2= 2)
X(x,.(z,- —zj)+zj2)Kb]
/[2DEN(exp(Kb) ~1)]
+x; In([x,r(1 - V,G)]/[(R,+ 1 - mx)V,G])
+(1-x)In([(1-x,)
xr(1 = V)] /(R = r(1-x)¥,G,)])
+1=0 (21)
where
DEN=1+R,(z}+z,) + R;(2? + )
—r(x (22— 22) +z? )

upon linearization of the exponential for the con-
dition Kb < 1, eq. (21) can be rearranged into the

X (x;2,+ z2(1 x))J/[ZDEN]
+x In([xr(1 - V.Gl
U VRt S P/

+(1-x;) In([(1 = x)r(1 - 1,G,)]

/(R+1=-x)V,Gl)+1=0 (22)
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Exploring the condition of infinite dilution, much
in the same way as in the original “limiting law”
treatment [12], it is immediately revealed that the
system will be physically unstable for all r and x,
values not obeying the following condition, neces-
sary to avoid divergence of the ratio of C,-con-
taining terms for C, approaching zero:

£(1 — rx,-(zj — (zj— zi))(z,-x,» + zj(l - x,))) =1
(23)
Equation (23) implies that, at equilibrium, for the
limiting conditions:
1 1 1
(z,xi+zj(1—x,-)) £(z,-x,-+zj(l—x,-))
(24)

r =

It can be easily verified that eq. (24) reduces to eq.
(5) for the two extreme cases of purely monova-
lent (x;=1) and purely divalent counterions (x;
= 1). Similarly, eq. (20) leads to:

—25(1 - r(zj— x,-(zj— z,)))
X (z,~z;) In(1 — exp(—Kb))

+[6(0-r(z=x(z,- 2)))

X Kb(z} - z;’-)]/[z- (exp(Kb) — 1) DEN|
+1n([x,(R;—r(1 —x,))]

/1= x) (R, +1=rx,)])=0 (25)

The system at equilibrium is then uniquely de-
termined, regarding the two variables r and x;, by
the simultaneous solution of the transcendental
eq. (25) and the linear eq. (24). Once the values of
r and x; (which, in general, are not functionally
dependent on V) have been calculated, the equi-
librium value of the parameter V, can be de-
termined from the numerical solution of eq. (22).
Before proceeding further on commenting the re-
sults, it seems convenient to present some re-
marks on the procedure followed hitherto:

(i) the rotal fraction of condensed counterions
and the molar fraction of one of the two species
have been treated as the independent ‘“‘con-
densation” variables;

(i) in general, the (molar) volume of the con-
densed phase, V_, is not functionally dependent
on the independent variables of the system. Only
the equilibrium value of V, turns out to be depen-
dent on the concentrations of mobile ions;

(iii) negligible but non-zero values of x; are found
for € values lower than the critical value £_;, =
1/z; (e.g. x; #0 for £ <1). Formally, this stems
from the requirement of non-divergence of the
entropy of mixing of all counterions in relation to
a condensation volume common to al/ such
species;

(iv) although conveniently obtained at infinite di-
lution, the solutions given by egs. (25) and (26) are
assumed to be valid at finite values of C, by the
same token as originally reported for the “single
species” case [10]. Strictly confining to the C, -~ 0
case, only the trivial condition of convergence:
x; =0 would hold, being i <.

4. Results and discussion

For practical reasons, the more frequently en-
countered case of a mixture of mono- and divalent
counterions (i.e. i=1land j=2; z;,=1and z,=2)
will be considered in the following calculations.

The dependence of r, r, and r, on x; is re-
ported in Fig. 1 for £ = 1.5. The plot, which is the
graphical representation of eq. (24), is indepen-
dent of the composition variables C,, R;, R}, etc.
Clearly non-linear relations hold among those
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Fig. 1. Dependence of r ( Yyn(———)and r, (- —*)

on x; for £=1.5, according to eq. (24).
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on x; for £ =1, according to eq. (24).

quantities, which render non-obvious any predict-
ion. Such a behavior is even more clearly shown
by the curves of Fig. 2 which display r, r;, r; as a
function of x,, for £ =1. The last case reveals a
striking behaviour: the fraction of condensed
monovalent counterions, r;, attains the value of
zero as predicted by the “simple” CC theory only
for the limiting condition of the “one-type-of-
counterion” case, i.e. x; =1 (and R, =0, “pure
monovalent”), and for x, =0 (“pure divalent”).
For all finite values of R, the value of r; is
non-zero, indicating that the condensation of diva-
lent ions, which is required anyway by the CC
theory for £ > 0.5, also “induces” the con-
densation of monovalent ions. This surprising re-
sult, which has already been addressed in the
preceding point (iii) of Section 3, is illustrated also
by the plots given in Figs. 3 and 4, showing the
dependence on & of r, r,, r, and x; for the
experimentally interesting cases of excess monova-
lent salt, and equal concentrations of mono- and
divalent salts, respectively. The plots for the ex-
treme case of excess divalent counterions (not
shown) reduce to those predicted by the original
CC theory, under the same assumptions, inasmuch
as all condensed counterions are divalent.
Generally, the functional dependence of r, r,,
and r, on £ will in turn depend on the com-
plicated interplay of C,, R;, and R, values given
by egs. (24) and (25). However, the most interest-
ing feature of the model is that there is the pres-
ence of a unique value of §, §_,, marking the
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Fig. 3. Dependence of x; (— — —), r ( ), rp (~--)and
r, (@ ®) on § for C, =0.0001 M, R, =100 and R, =1.

onset of the condensation of al/l the counterions.
The numerical value of £_;, does, in turn, depend
on the chemical composition of the system (i.e. C,,
R,, R,), varying continuously from =1 for the
“pure monovalent” case to £ = 0.5 for the “pure
divalent” system.

The plot of Fig. 5 helps to visualize the interest-
ing effect of the “induced condensation” of mono-
valent ions by the presence of divalent ions (i.e.
R, > 0). As can be seen r, always increases with
R,: the increase is monotonous, reaching the
limiting value r,=r=3(1 - (&)™ ") for r, > .
The behavior of r; is by far more exciting. For all
non-zero values of R,, r, assumes non-zero val-
ues, reducing to r, — 0 only for R, — 0. A sharp
increase with a maximum is shown by r(R;) for
small values of R,, followed by a monotonous
decrease, which may be more readily understood
on an intuitive basis. For the given conditions and
for the sample case R, = 0.5 (i.e. R, much higher

05+

0 . .
0
Fig. 4. Dependence of x; (— — —), r ( ), r; (—--)and
rn(e @) on § for C,=0.0001 M and R, = R, =10.
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on R, for{=1, Cp =0.001 M and R, =10.

than the », value predicted by Manning’s limiting
law, r,=0.25), the model predicts that the r,
fraction is as low as 0.05, whereas r, is 0.124.
Therefore, monovalent counterions not only do
condense for £=1, but, for this particular case,
they account for more than 70% of the total
number of condensed ions! (Similar behaviour is
found for € values ranging from 0.5 to 1).
Concepts like “competition” between i-valent
and j-valent ions, which are widely spread in the
scientific literature, may conveniently be addre-
ssed by considering the relative extent of “bind-
ing” (i.e. condensation) of the species for given
boundary conditions. The value of the fractlon of
condensed divalent ions, r,, has been the master
variable in the Scatchard-plot which has been
calculated and reported in Figs. 6 to 9 for mono-
/divaleni mixiures and for different experimental
conditions. In the plots, the ordinate is K,(K, =
ry/((R,y— ra\(‘ )) and the abscissa is r,. For £=
42, ie. for the charge density of the B-helix of
DNA, Figure 6 shows that for low r, values the
affinity of the chain for a divalent ion is rather
high, but it rapidly decreases upon increasing the
amount of bound ions. Such a behaviour couid be
interpreted as a “negative cooperativity” or
“anti-cooperativity” but it is nevertheless the sim-
ple outcome of the interplay of electrostatic inter-
actions between ions of different valency. Simi-
larly (and still for £ =4.2), in Fig. 7 the higher
level of binding of divalent ions in the presence of
a lUWCI COﬂCénlrdllOH ()I me monovalem ones

Fig. 6. Scatchard plot (K, =r, /(R, — r)Cp vs. ny) for § =42,
C,=10.001 M and R, = 50.

shows that interionic competition has to appear in
polyelectrolyte systems simply as a result of the
role of the entropy of mixing without the need to

i €« L 43 Tha =ngat Tég ~F
invoke any “specific” interaction. The results of

Fig. 8, obtained for £ = 2, confirm the above men-
tioned trend, but with a smaller effect due to the
reduced electrostatic interaction. Even lower bind-
ing levels are reported in Fig. 9 for £ =1; in this
case, however, a new effect comes into play, that
is: a marked positive cooperativity is shown at low
binding levels, which was totally undetectable in
the curves calculated for higher values of the lin-
ear charge density. This result is clearly much
more striking than the former ones: no a priori
argument might have suggested that, for small
values of § and low binding levels, the polymer
affinity for the more charged ions would be rather
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Fig. 7. Scatchard plot (K, =r, /(R; ~ )G, vs. ry) for £ =42,
C,=0.001 M and R, =10.
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Fig. 8. Scatchard plot (K; =7, /(R; —1)C,) vs. 1) for £=2,
C,=0.001 M and R,=10.

low and that further binding would increase such
an “intrinsic” affinity in a rather marked (posi-
tive) cooperative way.

The apparent oddity of the previous result ob-
viously makes it even more compelling to resort to
the calculation of experimental quantities to test
the theoretical predictions. An extensive compari-
son between the prediction of the present ap-
proach and the experimental data is beyond the
scope of this paper; still, to derive some indication
from the experimental literature was necessary to
assess the general trend of the theoretical predict-
ions. It was already known to the authors for
some years that careful determinations of the
single-ion activity coefficient of Cu(II) ions (yc,2+)
in the presence of different polycarboxylates in
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0 1 1 i 1
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)

Fig. 9. Scatchard plot (K, =r, /(R, —r) G, vs. ) for §=1,
C,=0.001 M and R,=10.
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Fig. 10. Dependence of the activity coefficient of divalent
counterions (eq. 25]) on R, for £=1. C,=0.001 M, R, =10
(upper curve) and C, = 0.0001 M, R, =10 (lower curve).

various conditions all have shown the presence of
a behavior of yc,2+ strongly reminiscent of the
positive cooperativity of Fig. 8 [13]. This has
prompted us to derive the proper expression for v,
from the free energy expressions of egs. (11) and
12):

Iny,=— [£(1 —r(z;— x(z,— z,-)))2
x Kbz?| /[2(exp( Kb) — 1) DEN]]

+ ln([Rj— r(l- xi)]/[Rj(l - VpCp)])
(26)

The calculated curves of v, for given system con-
ditions are reported in Fig. 10. Surprisingly, the
“positive cooperativity” behavior of the
Scatchard-plot of Fig. 8 has found an exact coun-
terpart in the behavior of y,(R,). Changes in the
experimental conditions (e.g. polymer concentra-
tion, ionic strength, etc.) qualitatively affect the
calculated curves in the same way as the experi-
mental ones [13].

5. Conclusion

The present, novel approach to the problem of
the distribution of counterions in mixed-valency
systems seems to yield predictions in agreement
both with experimental findings and with reasona-
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ble expectations about polyelectrolytic behavior.
However, a totally new outcome of the theory is
reported for conditions which are often met in
practical cases, i.e. excess monovalent salt and low
values of the linear charge density. It has to be
recalled that several biologically relevant polyelec-
trolytes (in particular, ionic polysaccharides) show
£ values ranging from about 0.5 to about 2, which
is the interval where the intriguing “cooperative”
and “competitive” behavior appears in its most
pronounced form. If they were proved to be realis-
tic, the present findings could certainly have pro-
found bearings on some currently established ideas
on small ion — polyelectrolyte interactions. For
this reason, extensive comparison with experimen-
tal data, especially if of very different nature, is
mandatory for a sound assessment of the model
and prior to further developments. Work with this
scope is in progress.
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Notation

b average distance between the projections of
the loci of charge onto the polyelectrolyte
axis, A

G equivalent polymer concentration (mol
fixed charge/L), M

C, molar concentration of counterion of va-
lency i, M

G molar concentration of (multivalent) coun-
terion of valency j, M

Y single-ion activity coefficient of ion species
i

Y, single-ion activity coefficient of 1on species
J

£ dimensionless linear charge density param-
eter §=15/b

g dimensionless reduced molar (em) free en-

ergy: g= G/n,RT

K~' Debye length: K2 =8nlyn, A

Iy Bjerrum length: I =e?/DkyT; e is the
value of the elementary charge, iD is that
of the dielectric costant of the solvent, kg
1s Boltzmann’s constant; for water at 298
K, I5=7135 A

[M; ;lcong molar concentration of condensed coun-
terions of species { or j, M

® ionic strength: p = 13,C,z;, M

r (molar) fraction of total number of con-
densed counterions per fixed charge

R gas constant, J/mol K

R, molar ratio of the total concentration of
species i to the polymer concentration

R; molar ratio of the total concentration of
species j to the polymer concentration

T absolute temperature, K

v, molar volume of the condensed phase
(L/mol fixed charge), M

X; molar fraction of condensed counterions of
species i

z, valency of counterions of species /; in the
paper: z; =1

z; valency of (multivalent) counterion of
species j

z valency of ionic species 1
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